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Separated Flow Unsteady Aerodynamic Theory

R. ML Chi*
United Technologies Research Center, East Hartford, Connecticut

A relatively simple two-dimensional subsonic unsteady aerodynamic theory has been developed to take into
account approximately the effect of flow separation on unsteady airloads for high incidence angles of thin airfoil
sections. The theory is an extension of the classical linear potential flow theory for thin airfoils with proper
boundary conditions applied to the flow separation region along the airfoil surface. The mixed boundary value
problem for the lifting unsteady aerodynamics is translated into two singular integral equations that are solved
by using the collocation method. Very encouraging correlation has been obtained between the calculated and ex-
perimental pitch damping values for a thin airfoil section typical of propeller blade at large angles of attack.
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Nomenclature
= undisturbed upstream sound speed
=nonlifting kernel function
= blade full chord
=seeEq. (29)
= section lift coefficient
= section moment coefficient
= (d/dt) + U(d/dx)
= amplitude of harmonic /
= airfoil normal displacement
= amplitude of harmonic heaving motion
= Hankel function of the second kind of nth

order
= imaginary part of { )
= Bessel function of the first kind of order v
= lifting kernel function
-seeEq. (28)
= Mach number
= amplitude of harmonic p
= perturbation pressure
=P + -P-
= eigensolution for Ap/pU2

= unit upwash solution for Ap/pU2 satisfying
leading-edge Kutta condition

=unit upwash solution for Ap/pU2 satisfying
trailing-edge Kutta condition

= real part of { )
=sign function
= time
= undisturbed upstream flow velocity
= upwash velocity

= Bessel function of the second kind of order
v

= coordinate in direction of undisturbed
upstream flow velocity

= axis about which the moment is taken
= pitching axis x coordinate
= flow separation point x coordinate
= coordinate vertical to x
= Fourier transform variable
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cavitation function
Gramma function
inversion kernel corresponding to K
amplitude of harmonic pitching motion

co
V2

3.14159...
fluid density
perturbation velocity potential
circular frequency
Laplacian operator

Superscript
( )* = Fourier transform

Subscripts
NS
COR

= nonseparated flow
= correction due to flow separation

+ = upper blade surface
- = lower blade surface
a. = pitching motion
h = plunging motion

I. Introduction

F OR the major reason of high fuel efficiency, the develop-
ment of advanced propfans has been of renewed interest

to the general aviation industry.1 The propeller diameter of
typical advanced turboprop propulsion systems is kept small
by the use of many blades. These propeller blades are ultrathin
and highly swept in order to maintain high efficiency in the tip
region. As a result of the high-performance aerodynamic
design, a stall flutter problem has been experienced in recent
wind tunnel tests.2 Therefore, the avoidance of stall flutter of
the new generation propfan blades has become a major con-
cern in blade structural design.

The major deficiency in the current flutter design system is
the lack of a practical unsteady aerodynamic theory applicable
to stalled compressible flow surrounding ultrathin blades. The
aerodynamics of high angles of attack for stalled flows involv-
ing flow separation is a classical research subject. A concise
discussion on the steady-flow separation characteristics at low
and transonic speeds was given by Smith.3 For unsteady
separated flows, Ericsson and Reding4"7 have developed
semiempirical analysis procedures for dynamic stall airloads
based on static airfoil stall performance characteristics. More
exact treatments of unsteady separated flows by carefully
modeling the bound and free vortex sheets are given by Ham8

and Kandil and colleagues.9"11
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In this paper, a theoretical unsteady aerodynamic model is
described to account for the effect of flow separations on
stalled unsteady airloads in the subsonic flow regime. The
flow model modifies the classical potential flow model by
specifying the separation point position and unsteady pressure
in the separated region. Flow models of a similar type have
been used in the past by Woods12 in his study of airfoils with
spoilers in an incompressible flow, Wu13 in his wake and cavi-
ty flow theory development, Perumal and Sisto14 in their
study of incompressible unsteady flow with a moving flow
separation point, Dowell15 in his transonic unsteady
aerodynamic study for isolated airfoils, and Chi16 in his sub-
sonic stall flutter study of cascade blades. The present work
deals with a subsonic flow about an isolated thin airfoil with a
fixed flow separation point, which is taken as the leading edge
for all calculations. The assumption of leading-edge flow
separation is certainly a serious limitation and is probably ap-
plicable only to small-amplitude vibrations of airfoils with a
sharp leading edge, such as the NACA 16-series airfoils shown
below in Fig. 6. The theory provides a new derivation of the
classical lifting and nonlifting kernel functions (aerodynamic
influence functions or Green's functions). It utilizes both the
classical lifting and nonlifting kernel functions in the analysis
of separated flow lifting aerodynamics. Sample calculation
results based on the present theory are compared with other
theories and, more importantly, with aerodynamic damping
test data for typical thin NACA airfoils used in propfan
designs.

In the following discussion, the theory will be presented
first, followed by a discussion on the correlation between the
calculated force coefficients with other theoretical and ex-
perimental data. Conclusions will then be drawn and recom-
mendations on future work to further advance the stalled
airload technology will be made.

II. Theory
Governing Equations

The perturbation velocity potential </> is assumed to satisfy
the convective wave equation

(1)

P
(4)

" *i D/2

where #«, is the undisturbed upstream sound speed and

JD_^_a_ _d_
Dt dt °° dx

The perturbation pressure p is related to the perturbation
velocity potential 4> by Bernoulli's equation

(dj> JT dj> \
= "Poo I-^T-+ ^oo-T—— )\ dt dx / (2)

where p^ is the undisturbed upstream density and (/«, the un-
disturbed upstream velocity.

The coordinate x is chosen to be in the freestream direction,
z is perpendicular to jc, and t denotes time. The origin of the
x,z coordinate system is fixed at the leading edge of the airfoil
as shown in Fig. 1 and all linear dimensions are scaled by the
blade chord c.

For simple harmonic motion, we have

where /3 = Vl -M2 and Mis the upstream Mach number. For
convenience, the subscript oo has been dropped for all
upstream flow quantities.

Boundary Conditions
When there is no flow separation, the following boundary

conditions apply:
1) On the airfoil surface, the flow tangency condition is

assumed, i.e.,

</>, = W (5)

where W is the prescribed upwash velocity. This boundary
condition' applies to both the upper and lower surfaces of the
airfoil.

2) Off the airfoil, the perturbation pressure and vertical
velocity (upwash) are continuous everywhere.

3) The radiation/finiteness condition is satisfied at infinity.
For simple harmonic motion, the blade displacement is

simply

f(x,t)=f(x)ei"t

Since the upwash is related to the blade displacement by

dt

or, for simple harmonic motion,

W= We1

W= (iu+U—)
V dx/' f

the upwash W(x) is given for xe(0, 1) and unknown otherwise.
For combined pitching and heaving motion in nonseparated
(attached) flow,

W(x) = iuh - [ico(jt-Xp

where JCPCH is the pitching axis location and h and 6 are the
heaving and pitching amplitude, respectively. Therefore, the
boundary condition is

= (iuh-UO)-iu(x-xPCH)0 (6)

For attached flows, the boundary conditions described
above are adequate. For separated flow, we modify the
boundary condition on the airfoil surface [Eq. (5)] by assum-
ing that the perturbation pressure p is known in the flow
separation region and defining the cavitation function 7 as

ViplP- VipU2 (7)

The same asumption was made previously by Perumal and
Sisto,14 Dowell,15 and Chi,16 among others, except that they
assumed a zero cavitatixm. The assumption of zero cavitation
is reasonable as long as \p+ -px \<\p_ -p^ I . It is noted
that the upwash is considered unknown on blade surfaces ex-
posed to the separated flow. Also, it is assumed that flow
separation occurs only on the suction side of the airfoil.

In summary, we will seek the solution of Eq. (3) subject to
the boundary conditions [Eqs. (6) and (7)], as well as the con-
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dition of pressure and normal velocity continuity in the wake
and the radiation/finiteness condition. Note that Eq. (6) ap-
plies to the lower pressure surface (z = Q~) and the portion of
the upper suction surface (z = Q + ) where the mean flow is at-
tached, while the upwash is considered unknown on the por-
tion of the surface where flow separation occurs.

Solution Procedures
The Fourier transform pair is defined as

(8)
-—f c

27T J -

Applying Fourier transform to Eqs. (3), (4), and (6), one
obtains

(9)

where

and

2 2[Y o> M y /
*=* \\-iT-p-) -("

pU

subject to the boundary conditions,

<I>*=W*_ at z =

(10)

(11)

(12)

where W\ and W*_ are the Fourier transforms of the up-
washes on the upper and lower surfaces of the airfoil, respec-
tively. As shown in Ref. 17, the transformed perturbation
pressures on the airfoil surfaces are

/?*_

where

u/U+ct W\

o;/£/+a W*_
j i i U

for o;>ce1 orce>ce2

for a1<a<o;2

(13)

(14)

U)

a2=u/(a-U)

Since we are interested in pressure differences, define Ap*
and p* as

Ap*=p*+-p*_ p* = l/2(p*++p*)

Similarly, define AW* and W* as

(15)

W* = V2(W*++W*_) (16)

Using Eqs. (15) and (16) in Eqs. (13) and (14), we obtain

= K*(Ap*/pU2) (17)

p*/pU2=A*(AW*/U)

where

K*=--

>!* = --

A Fourier inversion of Eq. (17) yields

(18)

(19)

(20)

(21)

where the lifting _kernel K is the Fourier inversion of K*. For
attached flows, W(x) is known in terms of the airfoil vibra-
tion mode shape and Eq. (21) can be solved easily. The do-
main of integration of the integral in Eq. (21) covers only the
airfoil surface because we consider thin wakes and assume
continuous pressure across the wake itself. For separated
flows, W(x) is unknown for separated region on the airfoil
(xs<x< 1), although it is prescribed for the rest of the airfoil
(0<*<:t5). Hence, the left-hand side of Eq. (21) is partially
unknown. Apparently, an additional equation is needed in
order to solve for the unknown upwash velocity in separated
region on the airfoil. In fact, if AW is known, W can be
calculated by

W= (22)

since W_ is known completely from Eq. (6).
To derive an integral equation for AW, we formally invert

Eq. (21) to obtain

(23)

where TK is the resolvent kernel corresponding to the lifting
kernel function K. General procedures are available to
calculate TK for a given K with fairly general singular
behavior.18'19

A Fourier inversion of Eq. (18) yields

p ( x )
= \

Jx U
(24)

where we have used the condition that the upwash difference
AW \s zero both off the airfoil (jc<0,;c> 1) and over the at-
tached flow portion of the airfoil (0<x<xs).

In separated regionp+ = - Yipl^y from Eq. (7), i.e.,

p + Ap/2 = -Y2PU2y

Substitution of Eqs. (23) and (24) into Eq. (25) yields

I\(*,£
Jxs U

Now, from Eq. (22),

Hence, Eq. (26) becomes

f 1 C x
Jx,

(25)

(26)

where

ew = - V2 U

(27)

(28)
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(29)

Note that A W has been set to zero over the attached flow por-
tion of the airfoil (0 <x<x s) as assumed earlier. It is seen from
Eq. (28) that the function £(*) is actually proportional to the
pressure differential for attached (i.e., nonseparated) flows,
i.e.,

Inversion Kernel rK(x,£)
If any two basic solutions of Eq. (21), such as the unit up-

wash solution and the homogeneous solution of Eq. (21)
denoted by Pl (x) and P0 (jt), respectively, are known, the in-
version kernel can be written as18'19

(30)

III. Formulas
This section presents the mathematical expressions and for-

mulas required for airload calculations. Only the key results
are given here; for more details, see Ref. 17.

Kernel Functions
The kernel functions K and A need to be calculated by the

Fourier inversions of K* and A* given in Eqs. (19) and (20).
Physically, K is the upwash due to an impulse pressure dif-
ferential and A the perturbation pressure due to an impulse
averaged upwash. Usually, K is called the lifting kernel and A
the nonlifting kernel. Analytical inversion results are given by
the following formulas.

The lifting kernel K(x) is simply the well-known Possio's
kernel containing a singular part Ks and a regular part Kc,

K(x)=Ks(x)+Kc(x)

where

where

US)
9? = [Al+2A2(t-x)]Gm(x,S)

US)

i (S)
9?

~C0Q2(x)

x(l-x)

K,(x)=

KC(X) = —— ——

2irx 2ir/3 U
-tn

as

_ I f>i(M2/^2)(wx/U)

2 1+/3

The nonlifting kernel ̂  (A:) also contains a singular part and a
regular part,

d u = ( b i b j - b i b j ) / [ i r ( b Q - b 0 ) ]

where

AsM~~2^x~ ~2^~U^
UX

~U

2 ' 32

2
+ /—A

7T 8 16

32
32
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Fig. 1 Airfoil coordinates.
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Fig. 2 Real part of lift coefficient due to pitching motion about
leading edge.

Here an and dn are defined as the expansion coefficients of the
unit upwash solutions Pl (x) and Pl (x),

N-\

______

PI (x) = - 2\l\-x/x ^ dnxn

where TV is the number of pressure modes. The constant coeffi-
cients an and dn are chosen so that Pl (x) and Pl (x) satisfy
the following unit upwash integral equations at TV collocation
points and also the leading and trailing edge Kutta conditions,
respectively:

= i A ( O ) = O

Finally, the homogeneous solution or eigensolution P0 (x) is
defined as

„ , v Pl(x)-Pl(x)

so that

\ P0(x)dx=
Jo

o

1 -

-1

xs-0.6

- ATTACHED FLOW
- SEPARATED FLOW (CHI)
- SEPARATED FLOW
(PERUMAL14 AND
WOODS12)

0.2 0.4 0.6 0.8 1.0

Fig. 3 Imaginary part of lift coefficient due to pitching motion about
leading edge.

data. More discussion on this issue is given in Sec. IV. In Eq.
(27), the new kernel function C(x,%) has a predominant
Cauchy type of singularity at £ = x and has a square-root type
of singularity at £ = 1. To render the integral equation (27) to a
purely Cauchy-type integral equation, we write

Furthermore, from Eq. (30) I (x) ~ 1/Vjc as *— 0. To arrive at
a regular forcing function, we write

(31)
This purely Cauchy-type integral equation has the following
solution:

(32)

where

Here, we have imposed the condition AH^(1)=0 consistent
with the boundary condition AJF(jt)=0, for jc>l, for a
smooth trailing-edge flow. Therefore,

(33)U

Substitution of Eq. (32) into the left-hand side of Eq. (31)
gives

(34)

where

Solution for Wake Upwash Difference
The solution for the wake upwash difference depends on the

trailing-edge upwash condition imposed. Here, we discuss the
solution procedures that produce the best correlation with test

Given t(x) from Eq. (30), one can solve Eq. (34) by the col-
location method to obtain a%. Then Eq. (33) gives the desired
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Lift and Moment Formulas
The pressure differential solution of Eq. (23) can be written

as

A/? (x) = ApNS (x) + A/?COR (x)
where

ApNS (x) = pressure differential as if no flow separation
occurs

ApCOR (x) = additional pressure differential contribution
due to flow separation or flow separation correction pressure

U

Consequently, the lift and moment (about x = x0) coefficients
are both sums of a nonseparated flow part and a separation
correction part,

CL = -

where

/=! 7=1

N N

/=! 7=1

r
u=\ Z;-3/2(l-Zy- I /2[*5+(l-;

J 0
/.. = !dZ

-
7 2" rt/ +

For leading-edge separation
simpler formulas:

= 0), we have the following

N TV

zE^E
/=! 7=1

where the beta function is defined as

The coefficients a, are the coefficients of the nonseparated
flow pressure expansion,

AP(*)

as a solution of Eq. (21). The coefficients a/are the upwash
coefficients in Eq. (33). The coefficients Cj and ry- are coeffi-
cients of the expansions of two elementary solutions P{ (x)
and P2 (x) that satisfy the trailing-edge Kutta condition and
the following singular integral equations:

Remarks on Wake Upwash Difference
Solution

IV.

The solution for the wake upwash difference &W(x) from
the singular integral equation (27) is not unique unless one
specifies enough constraints to the behavior of the upwash dif-
ference APF(Ar) a priori. A physically meaningful way to
specify the constraints is to compare the experimental lift
and/or moment coefficients with the theoretical prediction
results while assuming various types of constraints. This
strategy of specifying constraints was used in Ref . 16 in study-
ing stalled airloads for cascade blades. The same constraints
on the wake upwash difference AW(x) are used in this paper
for isolated airfoils. These constraints require that the wake
upwash difference AW(x) vanish at the airfoil trailing edge
and be differentiable at the airfoil trailing edge. See Eq. (32)
for these constraints.

Another possible choice of constraints is to still impose the
constraint of zero wake upwash difference at the trailing edge,
AW(1) = 0, but to assume a square root type of wake upwash
difference near the trailing edge, AlV(x) ~Vl -x. This
choice of constraints does not yield good correlations between
calculated and experimental data on force coefficients, but it
does result in force coefficients close to the theoretical results
of Woods12 and Perumal and Sisto.14 It should be noted that
both Woods and Perumal and Sisto assume a zero unsteady
pressure, not only over the airfoil surface where separation
region exists, but also within the wake region extending to
downstream infinity. On the other hand, the separated flow
theory presented in this paper assumes a constant unsteady
pressure (chosen as zero in all calculations, however) over the
airfoil surface where the flow separation exists Gust as
Woods12 and Perumal and Sisto14 do), but specifies a pressure
continuity condition A/r> = 0 across the wake boundary instead.

Based on the above discussion and the calculated results to
be discussed in Sec. V, it appears that the assumption of zero
pressure in the wake region behind the trailing edge is not
physically justifiable. The present theory assuming a differen-
tiable wake upwash difference and a pressure continuity
behind the trailing edge, however, yields good correlation with
test data and therefore appears more appropriate. The
closeness between 1) the solution by assuming a zero pressure
in the wake region behind the trailing edge and 2) the solution
based on present theory assuming a square-root type of wake
upwash difference near the trailing edge is simply fortuitous.

V. Results
The discussion of the calculated results are divided into two

parts. In the first part, comparisons are made between the
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Fig. 4 Real part of moment coefficient due to pitching motion about
leading edge.

HAMILTON STANDARD
18A20

PROPELLER BLADE

STATION: 0.950,
SECTION: 16(070)(023)

STATION: 0.850,
SECTION: 16(117)(029)

STATION: 0.750,
SECTION: 16(158)(036)

STATION: 0.650,
SECTION: 16(188)(045)

CURTISS-WRIGHT
109640

PROPELLER BLADE

STATION: 0.955,
SECTION: 16(0)(038)

STATION: 0.855,
SECTION: 16(0)(040)

STATION: 0.735,
SECTION: 16(0)(045)

STATION: 0.645,
SECTION: 16(0)(050)

UNSTABLE

U 0

- ATTACHED FLOW
- SEPARATED FLOW (CHI)
- SEPARATED FLOW

(PERUMAL14 AND
WOODS12)

STATION: 0.538,
SECTION: 16(200)(060)

STATION: 0.520,
SECTION: 16(0)(060)
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0.2 0.4 0.6 0.8
coc/U

1.0

Fig. 5 Imaginary part of moment coefficient due to pitching motion
about leading edge.

results based on the present theory and other theories. In the
second part, experimental data are used to validate the present
theory.

Comparison with Other Theories—Square-Root Type of Upwash
For a thin airfoil in a zero Mach number flow that separates

at 60% chord on the upper surface, Figs. 2-5 show the real and
imaginary parts of the calculated lift and moment coefficients
for a pitching oscillation about the leading edge in the reduced
frequency range of 0-1.0. Also shown in these figures are the
corresponding force coefficients predicted by attached flow
flat-plate theory. Flow separation is seen to reduce the
magnitudes of the airloads over the entire frequency range and
tends to destabilize the pitching motion as seen in Fig. 5. The
predicted imaginary parts of the lift and moment coefficients
agree well with those of Perumal14 and Woods.12 This agree-
ment, however, does not imply that a physically meaningful
prediction has been made as was discussed in Sec. IV. A suc-
cessful prediction should be based on good correlations with
test data from carefully performed experiments.

Comparison with Experimental Damping—Differentiate Upwash
Lemnios20 performed excellent aeroelastic tests of NACA

16-series airfoil sections for Hamilton Standard 18A20 pro-
peller blade and Curtiss-Wright 109640 propeller blade. The
blade sections are as shown in Fig. 6. The aerodynamic damp-
ing (i.e., negative of the moment coefficient for pitching mo-
tion) data for the thinnest section 16 (070)(023) of the
Hamilton Standard 18A20 propeller blade are used to evaluate

Fig. 6 Profiles of NACA 16-series airfoils.
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Fig. 7 Torsional aerodynamic damping for section 16(070)(023) of
HS 18A20 propeller.

the present theory. In Figs. 7 and 8, the measured
aerodynamic dampings for a small-amplitude pitching oscilla-
tion about the midchord at various mean angles of attack are
compared to the classical attached and separated flow results
(assuming leading-edge flow separations) for four sets of
Mach number/reduced-frequency combinations.

The leading-edge separation results appear to represent the
asymptotic damping at large angles of attack in all cases. The
correlation between theory and experiment here is very en-
couraging. The test data for intermediate angles of attack can
probably be correlated with the separated flow unsteady
aerodynamic theory by varying the flow separations point
along the airfoil chord. This idea has not been explored fur-
ther because of the lack of clear criteria to determine the flow
separation point. However, by comparing theoretical calcula-
tions for various flow separation points with test data, promis-
ing flow separation criteria can probably be generated for flut-
ter prediction purposes.
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Fig. 8 Torsional aerodynamic damping for section 16(070)(023) HS
18A20 propeller.
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Fig. 12 Imaginary part of moment coefficient due to pitching mo-
tion about midchord.

To illustrate the force coefficients for a given Mach number
over a wide frequency range, the lift and moment coefficients
for a midchord pitching airfoil in a subsonic flow with Mach
number 0.8 are shown in Figs. 9-12, for both the attached flow
and the leading-edge separated flow. The pitch damping is
seen to decrease as separation is introduced in Fig. 12. Mean-
while, a positive imaginary part of the lift coefficient due to
pitching motion is predicted for separated flow as shown in
Fig. 10. This implies that the bending component in a blade
mode shape could be driven into instability by the destabiliz-
ing lift force due to the torsional component of the blade
mode shape if leading-edge flow separation occurs.

VI. Conclusions and Recommendations
A relatively simple two-dimensional linear unsteady

aerodynamic theory has been developed to take into account
the effect of flow separation on unsteady airloads for thin air-
foils oscillating in a subsonic airstream. The theory is essen-
tially a modification of the classical potential flow unsteady
aerodynamic theory. The modification involves the specifica-
tion of a constant (taken as zero in this paper) pressure in the
flow separation zone along the blade surface. As a result, the
upwash velocity in the flow separation zone is solved as part of
the problem solution. Proper constraints on the upwash
velocity in the separation zone are imposed based on the cor-
relation between calculated and experimental aerodynamic
damping data for thin airfoil sections. Two different types of
upwash velocity constraints were studied. One type of con-
straint requires a square-root type of behavior near the airfoil
trailing edge and is shown to resemble closely the earlier
theories of Woods, Perumal, and Sisto, which assume a zero
pressure on the separated airfoil surface as well as in the wake
region behind the airfoil trailing edge. This type of constraint,
however, does not yield results consistent with the available
test data. The other type of constraint requires the differen-
tiability of the wake upwash velocity near the trailing edge and
yields theoretically calculated torsional damping values in
good agreement with test data of Lemnios for thin airfoils
used in typical propeller designs.

The assumption of zero pressure in the separated flow
region is perhaps reasonable at low frequencies. For high fre-
quencies, other assumptions such as piston theory could be
made. For intermediate frequencies, logical composite
pressure expressions using zero pressure and piston theory
asymptotes can probably be developed and used as the
theoretical basis for further correlation of the separated flow
theory with test data of thin airfoils at various angles of
attack.

The present theory assumes that the flow separation point is
known either from theory or experiment. A separate theory to
predict the flow separation point must be based on steady
viscous flow models involving boundary-layer considerations.
On the other hand, experimental verification of flow
separations would involve flow visualizations. Both ap-
proaches require substantial amounts of effort, but the ex-
perimental approach appears most direct in producing the
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flow separation information as input to the present unsteady
aerodynamic theory for separated flows.

For supercritical flows, the existence of shock waves is a
distinct feature of the flowfield and the shock movement
associated with the blade motion may be the major con-
tributing mechanism to the unsteady airload. Furthermore,
for high-angle-of-attack flows, the effects of shock waves and
flow separations on unsteady airloads are likely to be equally
important. An extension of the present separated flow theory
to include shock waves appears possible and potentially
significant for airfoil flutter design applications to super-
critical flight conditions.
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